SADLER MATHEMATICS
METHODS UNIT 3

WORKED SOLUTIONS

Chapter 7 Calculus of trigonometric functions

Exercise 7A

Question 1

dy _ 5x* —2x
dx

Question 2

W _ 3y

Question 3

ﬂ:sinx

dx

Question 4

vy =C0S X —(—sinx)
dx

= C0S X +Sin X

Question 5

g—y:—sin X —COS X

X
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Question 6

o, 1

dx c0s? X
_cos’x-1
~ cos’ X
_ —sin®x
~ cos’ X
=—tan’ x

Question 7

QZ(X-G-].)X 2+(2X—3)><1
dx
=2X+2+2X-3
=4x-1

Question 8

dy _ 5x* x (=5) + (L—5x) x 10x
dx

= —25x% +10x —50x*

= —75x% +10x
Question 9

ﬂ:6cosx
d

X

Question 10

ﬂ = 4(-sin x)
dx

=-4sinx

Question 11
v = X(cos x) +sin x
dx

= XCO0S X +Sin X
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Question 12

dy _ X? (=sin X) +C0S X x 2X
dx
= 2XC0S X — X* sin X
Question 13
dy _ (3x* —1)x1-x(6x)
dx (3x% —1)*
_3x*-1-6x%
(3x* -1)°
_ =31
(3x*-1)°
_ (3¢ +]
(3x*-1)°
Question 14

dy (x> —1)x 2x—(X* +1)x 2X
dx (x2 —1)2
2% —2x—2x% - 2x
CE
B 4x
R

Question 15

dy x(—sinx)—cosxx1
dx X2
_ —Xsin X—Cos X
XZ
—(xsin x+cos x)
XZ
_ Xsin X+Cos X

X2
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Question 16

dy _ x(cosx)—sinxx1

dx X
_ XCOS X —Ssin X
X2
Question 17

dy sinxx1—xcosx

dx sin® x
_ SinX—XCos X
sin® x
Question 18
dy _ cosxx1-x(=sinx)
dx cos® X
_ COS X+ XSin X
cos? x
Question 19
dy _dy du u=x*+1
dx du dx
=6Ux 2X d—u=2X
dx
=12x(x* +1)
Question 20
dy _dy du u=x>-1
dx du dx
1
:lu 2 x 2X d—u:2x
2 dx
X
X -1

© Cengage Learning Australia Pty Ltd 2019



Question 21

dy_dy du = 6x
dx du dx
=CO0SUx 6 d—u:G
dx
=6C0S6X
Question 22
ﬂ:ﬂxd—u u=2x+3
dx du dx
=—-Sinux2 d—u:2
dx
=-2sin(2x+3)
Question 23

y =sin® X = (sin x)?

ﬂ: 2sin xcos X

dx

Question 24

ﬂ: 3sin? xcos X

dx

Question 25

dy_ 5c0s* x(—sin X)
dx

= —5¢c0s”* xsin x

Question 26

ﬂ:—sin3xx3
dx

=-3sin 3X
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Question 27

vy =3c0s(3x—7)
dx

Question 28

Y _ o sin(2x+5))
dx
=-2sin(2x+5)

Question 29

Y _ —-3(-sinx)
dx

=3sin x

Question 30

v =3+2(-sinx)
dx

=3-2sinXx

Question 31

ﬂ:2c032x
d

X

Question 32

ﬂ: 2X—(—sin x)
dx

=2X+sin X
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Question 33

dy _ x*(cosx) —(L+sin x) x 2x

dx x*
_ x*cos X —2x(1+sin x)
X4
~ XCosX—2(1+sinx)
X3
_ XCOSX—2sinx—2
X3
Question 34
dy

—=3c0s X—2(—sin x)
dx

=3c0S X+ 2sin X

Question 35
ﬂZ—Sin3Xx3
dx

=—3sin 3x
Question 36
ﬂ:—Qsin 9x
dx
Question 37

L =3(—sin2x)x 2
dx

=—65sin 2x

Question 38

ﬂ =5c053xx3
dx

=15c0s3x
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Question 39

%: 2C0S3Xx 3+ 3(—sin 2x) x 2
X

=6Cc0S3X—6Sin2x

Question 40

dy _ 5sin® x cos x

dx

Question 41

vy =5x 2c0s x(—sin x)
dx

=—10cos xsin x

Question 42
1

ﬂ:i(sin X) 2 COS X
dx 2

_ COSX

2+/sin X

Question 43

f'(x) =7cos7x

Question 44

f'(x) =8cos8x
Question 45

f'(x) =cos4xx 4+ (-sindx)x 4
=4c0s4x—4sin4x
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Question 46

f'(x) =2xcos(3x—1)x3
=6c0s(3x—1)

Question 47

f'(x) = 4[-sin(4x+3)]x 4
=-16sin(4x+3)

Question 48
f'(X) = 2x 3sin” X x COS X

=65sin® X cos X

Question 49

f'(x) =3x 2c0s x(—sin x)
=—6.C0s Xsin X

Question 50

f'(x) = x(—sin x) +cos xx1
=C0S X — XSIin X

Question 51

f'(X) = X*(—Sin X) + €0S X x 2X

= 2XC0S X — X sin X

Question 52

f'(X) = 2Xx COS X +Sin Xx 2
=2XC0S X+ 2sin X
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Question 53

, COS X x COS X —Sin X(—sin x
f(x)zz{ > ( )}
COS” X
(cos X +sin® X)
cos® X
2
Cos® X
Question 54
f(x):2tanx
f'(x) =
cos® X
Question 55
ﬂ=cosx
dx
Atx=2
6
_yzcos(zjzﬁ
dx 6 2
Question 56
d—y=—28in2X
dx
Atx_—

=-2sin

sl
b

w
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Question 57

dy

2(sin x(—sin x) + cos X x COS X)

= 2(cos® x—sin” x)
At x =0,

Y _ 2(cos” 0—sin” 0)
dx

=2(1-0)
=2
Question 58
ﬂ:BSin X x COS X
dx
=6Sin XCos X
At X =,
ﬂ:6sin TCOS T
dx
=0
Question 59
ﬂ:cosx
dx
2
d X:—sinx
dx
Question 60
ﬂ:—SsinSX
X
d’y

= ~5x50085x
X

=—-25c055X%
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Question 61

ﬂ =3C0S2X x 2
dx
=6C0S2X
d’y
dx?
=-12sin 2x

6(—sin 2x) x 2

Question 62

dy i
— =C0S X —Sin x

dx
d’y

XZ

= —Sin X —C0oS X

Question 63

ﬂ= XCOS X +Ssin xx1
dx

= XCOS X+Sin X
T
At X =—,
2

dy = n . =@
—~ =—c0s—+sin—
dx 2

=0+1
=1

Equation of tangent
y=1x+c

. T T
U —,—
sing (2 2)

o N

+C

o N|a

<
I
b
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Question 64

Yy =1+3(-sin2x)x 2
dx

=1-6sin2x
Atx=0,

ﬂ =1-6sin0
dx

=1
Equation of tangent
y=X+C
Using (0,3)
3=0+cC
c=3
S Yy=x+3

Question 65
a f'(x) = 2cos2x
f ’(Ej = 2c0s X
6 3
=1
b f"(x) =—4sin 2x

f”(ﬁj:—%in ZXE
6 3

3

=42
2

-3

Question 66

y =sin x° :sin(n—xj
180

dy = (nxj
— =——xC0S| —
dx 180 180

T [e]
=——C0S X
180

© Cengage Learning Australia Pty Ltd 2019

13



Question 67

A=2hx2w
=4hw

sinezizhzlosine
10

cose=ﬂ:>w:10(:ose
10

A=4x10sin0x10cos6O
=400sin0cos0

% =400(sin 6(—sin 6) + cos 6 cos 0)

= 400(cos® 6 —sin*0)
=400(cos 0 +sin 6)(cos 0 —sin 0)
400(cos0+sinB)(cosb6—-sinB) =0
cosO+sin6=0 or cosO-sin6=0
cos=-sinO or cosO=sin®
tan6=-1 or tan6=1

Given 0<7t<£,€):E
2 4

h :lOsinE
4
=52
WzlocosE
=52

Dimensions of rectangle

2hx 2w =10+/2 1072
Hence the rectangle is a square
A=4hw

=452 %52

=200 cm?
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Question 68

Area =%x10x8x3in 0.1t
=40sin 0.1t cm?
9A =40c0s(0.1t)x 0.1
dt
=4c0s0.1t cm?/s
a Whent =1,
OI—'A‘=4coso.1
dt
=3.98 cm?/s
b When t =5,
OI—A=4coso.5
dt
=3.51cm?/s
(o When t =10,
OI—A:4cosl
t
=2.16 cm?/s
d When t = 20,
d—A =4c0s2
dt

=-1.66 cm?/s
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Question 69

a x=5sin3t,t>0
Max value is 5 as the maximum value of sin3t =1
5=>5sin3t
sin3t=1

3t=

t=

ola Nla

b 5sin3t=2.5

sin3t=0.5
T om 131
6'6 6
~m 5t 13n
"18'18' 18
(o %=5C053t><3
dt
=15cos 3t
Att=0.6,
%=15xcosl.8
dt
=-3.4
d OI—2)(:—15$,in3tx3
dt’
=—45sin 3t
=—-9x5sin 3t
S k=-9
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Question 70

vy =3c0s0+4(-sin0)
dx

0=3c0s6—-4sin6O
4sin®=3cos0O
4sin® 3cos6
4c0s® 4cos0

tane:E
4

0=0.6435
Maximum value
3sin(0.6435) + 4 c0s(0.6435) =5
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Exercise 7B

Question 1

5_|.cosx dx =5sinx+c

Question 2

stin X dX=-2C0SX+C

Question 3

—10jsin X dx =—-10(-cos x)+c¢c

=10cosx+cC

Question 4

—ZIcosx dx=-2sinx+c

Question 5

3I2COS 2x dx=3sin2x+c

Question 6

1J‘Gcos6x dx zlsin 6X+cC
3 3

Question 7

3j4sin 4x dx =-3cos4x+c
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Question 8
—1I3sin 3x dx = —1(—cos3x)+c
3 3

=10053x+c
3

Question 9

—if(locoslox) dx = —isin 10x+cC
10 5

Question 10
1. X X
2.[ —sin—dx=2| —cos— |+¢C
2 2 2
=—2cos§+c
Question 11
2¢3 3x 2 . 3x
—j—cos— dx=—=sin—+c
372 2 3 2
Question 12

—ngsin% dx = —9(—cosﬁ) +C
3 3 3

2X
=9cos—+¢C

Question 13

3jzsin(2x+3) dx = —3c0s(2X +3) +C

Question 14

3 3.
—|2cos(2x—3) dx =—=sin(2x-3)+¢
[ 2c05(2x-3) dx=—sin(2x-3)
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Question 15

iIZCOS(ZHZ—ﬁj dx =lsin(2x+ﬁj+c
2 3 2 3

Question 16

1 (=sin(-x)) dx = —(-cos(-x)) +¢
= cos(—x)+c¢C
=COSX+C

Question 17

4j 12 dx =4tan X+
c0s? X

Question 18

3_[2003 2X dx+2j35in 3x dx=3sin2x—-2co0s3x+cC

Question 19

j(cosSx—4sin 2X) dx:%IBCOSSX dx—2_|'23in 2x dx

:ésin8x+20052x+c

Question 20

j(2x+4cosx+6c032x) dx = x* +4sin x+3sin 2x+¢

Question 21

J'(3+4x—6x2 +10c0s5% — 2sin 4x) dx = 3x + 2x* —2x° — 2sin 5x+%cos4x+c

Question 22

) 1
fcoss xsin x dx = —Zcos4 X+C
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Question 23

6
—30J‘ cos® x(—sin x) dx = -30 cos X

+C

=-5c0s® X +c¢

Question 24
j(sin 5X COS 2X + COS5Xsin 2x) dx = jsin 7xdx

1
=——COSX+C

Question 25
I(sin 3X€0s X —c0s3xsin x) dx = Isin 2xdx

= —lcos 2X+C
2

Question 26
j(coschos 2X—sin5xsin 2x) dx = Icos?xdx

:lsin 7X+C
7

Question 27
f(coschosx+sin 5xsin x) dx = Icos4xdx

:isin4x+c
4

Question 28

r L
J.OZ sinx dx =[—cos x]g

:—Cosg—(—COSO)

=0+1
=1
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Question 29

Ecos x dx = [sinx]2
:sinE—sinO
2
=1

Question 30

T

.[:cosﬁ dx:{ZSinﬁ}
5 2 2 =
2

= 25in£—25inE
2 4

=2-2
Question 31
a jfsin X dx
=[-cos x]g

7T
=—c0s| — |—(-cos0
£4 ( )

:—i+l

V2
1oL

V2

b jzsin X dx

=[-cos x]g

|-l

=_1+i

V2

-1

1
N
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Question 32

IO sinx dx =[-cos x]g

=—cosnt—(—cos0)

=~(-D-(-]
=1+1
= 2 units?
Question 33
4n
a _[ 3 sin x dx
ﬂ
=[-cos x]ns

:—cos%—(—com)

2
1
2

_ 1
2
. Area = 0.5 units?
an -
3 o .
b L sin X dx+_[0 sin x dx

=2+1
2

=25
. Area = 2.5 units?
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Question 34

ﬂ:—23in2tx2=0
dt

v=2cos0
=2m/s

b I2cos 2t dt

=sin2t+c

Whent=0, x=5
X=sin2t+c
5=sin2t+c
5=sin0+c

c=5

X =(sin2t+5) metres

c X=54+sin2t
Minimum value sin 2tis —1.
. Minimum distance is 4 metres.
dv
a=—
dt
=-2sin2tx 2

=—4sin 2t m/s®
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Question 35

a £ Edit Zoom Analysis e (] b & Edit Zoom Analysis e (%)
BrEEEREED T EEEREE G

X
-1 i \ (1.5708,0)

Lower=0. 5236 Upper=1. 5708 Lower=—1. 571 Upper=1. 5708
fdx=0. 25 E=0. 25 Sdw=—2 =2.5
BIEA 1A
Rad  Real [ Rad  Real [
Area: 0.25 square units Area: 2.5 square units
QueStlon 36 & Edit Zoom Analysis ¢ @
L, ENEREBREES
a y=6cosxsin“x=0 v
cosx=0 or sinx=0
T 3n
X=—,— Xx=0,m,2n
2 2

A(%,O), B(r,0), C(%”,O)

b Area of 6 square units.
Lower=0 Upper=4. 7124
[Fdu=—2 =6
(%%
Rad  Real [
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Miscellaneous exercise seven

Question 1

dy _
dx

X

e

Question 2

dy = 2¢*
dx

Question 3

dy =8e*
dx

Question 4

d
—y=ex+cosx

dx

Question 5

d

_y — eCOSX

dx
=—Sin xe

(=sinx)

COSX

Question 6

dy _ e c0S2X x 2

dx
= 2C0S2Xxe

sin2x

Question 7

d .
Y _ g2 2005 x

dx
= 2C0S Xe

2sinx
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Question 8

Question 10

dy 1 =
e Zx 24X xe*
dx 2

= 2(3;;—%\/;6)(

et 2dxxxe”
2
e+ 2xxxe”

o 2ux
_e(2x+1)

24/x

Question 11

d .
—yzeXxCOSX+S|n X x e
dx

=e*(cos X +sin x)

Question 12

%:ex x (=Sin2Xx 2) + €S 2X x "
X

=e"(cos 2x —2sin 2x)
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Question 13

dy X
dx

=e”sin x(2cos x +sin X)

=e*x 2sin xcos X +sin? xe

Question 14

W _ g, (6x)
dx

Question 15

L = (2x+cos x)e

dx

X2 +sinx

Question 16

OI—T=3(2r+3)2x2
dr

=6(2r +3)°
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Question 17

a .[02 4e**dx

=2 jozzx e*dx

]
:Z[e4 —e°]

=2(e* -1)

5
_3
10
2 4
c jl 30(2x —3)*dx
_15jl 2(2x - 3)*dx
S
_15] @2x=9) }
L 5 1
B 5 5
5| 4-3° (23
5 5
=15 1+£}
5 5
=6
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Question 18

d .
—y:exxcosx+sm X x %
dx

0 =¢"(cos x+sinx)
cosx+sinx=0 (e* =0)
COS X =—Sin X
tanx=-1

Question 19

v _ e " xCoSX+SinXxe *x(-1)
dx
=e “cosx—sinxxe™
=e " (cos x—sin x)
When x ==,

vy =e "(cosm—sin )
dx

—e(1-0)
= _e—n

Question 20

i 5
h

lim is the derivative of y = Jx via first principles.

-.0.5x7%
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Question 21

3000 000

0.1t
e

As t increases, e increases. .. A is decreasing.

A=

a 9A 3000 0006 x (~0.1)
dt

=-300 000e "
Whent =2,

oA =300 000e 2

=-245 619.23
. —245 619 tonnes per year (nearest 1 tonne/year)

b When t =5,

9A =300 000e **®
dt

=-181959.20
. —181 959 tonnes per year (nearest 1 tonne/year)

c When t =10,

z—? =300000e >+

=-110363.83
..—110364 tonnes per year (nearest 1 tonne/year)

Question 22

()  Vertical
f@ : asyn;prore

Horizontal
asymptote
; H

14

~
-
Z

VANV

1
I
!
+
|
!
I
|
1
|
!
!
|
1
|
!
1
!
i
!
1
[
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Question 23

a

b

10 m/s

acceleration is the derivative (gradient) of velocity
At t = 13, the gradient is _Tlo =-2.5m/s?

Area under graph fromt =0 to t = 28,
0<t<5 %x5x10 =25
5<t<12 7x10 =70

12<t<16 %x10x4 =20

16<t<28 %x12x5 =30

.. Distance =145 m

25+70+20-30=85m

A->B->C

B«
Velocity is negative when t > 16, therefore particle is at C when t =16.
. Cis 25+70+20=115m from A.

Particle rests (v =0) at B when t = 32.
ix 16x5=40
2

.. Bis 40 m from C.
. Bis 75 m from A.
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Question 24
4 3
a \Y :§n(100—3x) V>0

b 0.5><%7t1003 = %n(lOO—BX)s

0.5x100% = (100 - 3x)*
100-3x = /500000
=79.37
3x = 20.63
x =6.88

c V= %n(lOO—BX)S

dv 4
— =—mx3(100-3x)* x (-3
PraPEAE )" = (=3)

=-127(100 - 3x)?
. Volume is decreasing by 127(100 —3x)* m*/day.

d When x =5,

‘ij—\t/ =127(100 — 3 5)?

=127x 85°
= ~ 270 000 m*/day
dv 4

e — = —7x 3(100 - 2Xx — x*)* x (-2 —2X)
dx 3

= —4m(2+2x)(100 - 2x — x*)?
=—8n(1+ x)(100—2x — x*)?
. Rate of loss : 8m(1+ x)(100 — 2x — x*)?

When x =5,
d_V =8n(6) x (65)°
dx

=637 114.99
.~ 640 000 m*/day
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Question 25

a When t = 2,
V =2(1-¢e%*%) mis
=0.6594
.. Speed = 0.66 m/s

b V=2-2°
v

a=—=-02(-2¢"*
m ( )

=0.4e"%
Whent=2,
a=0.4e%%?
=0.27 m/s?

c When t =10,
a= 0.4e—0.2><10
=0.05 m/s*

Question 26

5n
a '[6 sinx—3—X dx
0 5r
5n

_ 1
=| —COSX———x—
5n 2 0

24 +12/3 51
12

5r ]
—| 243 -2Z| units?
( 12)

units®
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